Abstract -Aiming at analyzing the power flow of the distribution systems with distribution transformer (DT) branches and PV nodes, a hybrid three-phase power flow methodology is presented in this paper. The incidence formulas among node voltages, loop currents and node current injections have been developed based on node-branch incidence matrix of the distribution network. The method can solve the power flow directly and has higher efficiency. Moreover, the paper provides a modified method to model DT branches by considering winding connections, phase shifting and off-nominal tap ratio, and then DT branches could be seen like one transmission line with the proposed power flow method. To deal with the PV nodes, an improved approach to calculate reactive power increment at each PV node was deduced based on the assumption that the positive-sequence voltage magnitude of PV node is fixed at a given value. Then during calculating the power flow at each iteration, it only needs to update current injection at each PV node with the proposed algorithm. The process is very simple and clear. The results of IEEE 4 nodes and the modified IEEE 34 nodes test feeders verified the correctness and efficiency of the proposed hybrid power flow algorithm.
Introduction
Power flow method is a fundamental tool for distribution management system, so a robust and efficient power flow solution method must be able to model the special features of distribution systems in sufficient detail. During the past decade, several power flow algorithms have been developed [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The most popular estimation algorithm is the forward/backward sweep based method for its fully utilizing the distribution network structure characteristics, simple programming, no large matrix calculation and fast computing speed [6] [7] [8] [9] [10] [11] .
For meshed network, the most commonly adopted solution is the compensation current method [6] [7] . It uses a reduced Thévenin impedance matrix and a vector of known terms that are the open circuit voltages between the cut nodes. The method in [8] is a direct extension of the compensation-based power flow method proposed earlier in [6] [7] , and it is capable of handling three-phase weakly meshed distribution network, dispersed generation (PV nodes) and unbalanced and distributed loads. The good results have been achieved with this method, but it has more iterations and becomes less efficient when node voltages are lower. A direct approach for unbalanced three-phase distribution power flow solutions is proposed in [9] , in which two developed matrices, the bus-injection to branch-current matrix and the branch-current to busvoltage matrix, are used to solve power flow problem directly. The proposed method is robust and time-efficient, but the universal forms of two matrices are not proved through theoretical deduction. Reference [10] presents a novel forward/backward sweep algorithm for meshed network which is firmly based on loop analysis theorem. The method gives a concise formula to formulate the relationship between branch flow and node injection flow. The convergence of this novel algorithm is improved dramatically for meshed network. Reference [11] developed a methodology to analyze the radial or weakly meshed distribution systems, in which loads are simulated by means of impedances. The applications show the efficiency of the methodology in solving distribution networks with many meshes and PV nodes.
Detailed models for three-phase distribution transformers (DTs) are critical for distribution system analysis. The most common DT models are based on nodal admittance matrices [12~18] . But for the forward/backward sweep based methods, the nodal admittance matrices based models are proved to be difficult to be used and claimed to be unsatisfactory due to relatively slow convergence problems [17] . It may also cause singularity in the connection matrix which appears on some special connection types such as delta-grounded wye or grounded wye-delta transformers. Moreover, it also need considers the different neutral grounding modes and the difference between zero sequence impedance and positive sequence impedance
The future distribution networks will consist of a considerable proportion distributed generators (DGs) based on renewable energy sources. The emergence of DGs into the distribution systems has great influence on the voltage quality, power flow and loss etc. [19] [20] . So far, many related researches have been done and many algorithms have been proposed. Reference [21] introduces an improved Newton-Raphson algorithm with lower initial values requirement. But the method is much complicated to deal with PV nodes and the three-phase power. Besides, it needs to calculate the Jacobian matrix and the matrix may be illconditioned for the high R/X ratios in distribution system. The most commonly adopted method in the solution scheme is also the forward/backward sweep techniques [6-8, 11, 22-23] . In [6] [7] [8] 11] , the method based on current compensation for multi-port systems is applied to solve radial and weakly meshed systems with PV nodes and have good efficiency. But the converged iteration increases significantly, and sometimes the results do not converge when network become more meshed and has more PV nodes. In [22] , based on the models of DGs (wind turbines, photovoltaic system, fuel cell, CHP etc.) for power flow calculation, an improved three-phase back/forward sweep power flow calculation for the weakly meshed distribution network with the distributed generation was presented. Reference [23] proposed a direct unbalanced three-phase power flow algorithm and a new approach handling PV nodes based on the assumption that the positive-sequence voltage magnitudes of PV nodes are invariable. The efficiency and feasibility of the two algorithms has been proved, but they didn't consider the transformer branches in the meshed network.
In a word, the power flow algorithms need to be further studied considering transformer branches and the high penetration of DGs into the power distribution system. This paper develops a three-phase power flow solution method for real-time analysis of meshed distribution systems with DT branches and PV nodes. The focus of this paper is on the improved node-branch incidence matrix based power flow algorithm and several modeling issues related to distribution system including DT branches and DGs (PV nodes). The test results show the efficiency of the proposed method in solving distribution networks in complex situations. The modeling detail and convergence performance of the algorithm make it suitable for real-time applications in distribution automation systems.
Node-branch Incidence Matrix Based Power Flow Method
For a weakly meshed distribution network with N+1 nodes and m link branches (loops), there are N independent nodes when the power supply is referred as reference node (the first node). The number of the total braches b equals N+m. The reduced node-branch incidence matrix A can be used to describe the network. The element in A is [24] :
Node is the starting point of branch
Node is the ending point of branch Node is neither the starting point nor the ending point of bran 1 .
Designating one tree in the weakly meshed network and numbering the tree branches in the front and the link branches in the back, then A can be expressed as,
The order of invertible t A is N N × and the order of
Excluding the node injection branches from the network and assuming that the node injection current is positive if it flows out of the node and node injection current is negative if it flows into the node. Let 
where, bt I is the tree branch current vector of 1 N × , bl I is the loop current (link branch current) vector of 1 l × . Then bt I can be obtained with,
where, Superscript "T" indicates matrix transpose. 
where, l E is unit matrix of l× l, bt U is the tree branch corresponding voltage vector of N × 1, bl U is the link branch corresponding voltage vector of l × 1, bt Z is the tree branch corresponding impedance diagonal matrix of N × N, bl Z is the link branch corresponding impedance diagonal matrix of l ×l.
Expanding (4) and rearranging it gives,
where, lh I is assumed to flow from node i to node j, 
T T is the loop h corresponding row vector in t B . The contributions of other loop currents to the tree branch current can be also calculated with (7), so another form of 2 f can be expressed as,
The voltage difference t i ΔU between power supply and any other node i is equal to the sum of tree branch voltage along the path of node i, that is:
where 0 U is the power supply voltage and n U is the node voltage vector of N ×1.
The power flow calculation can be realized by solving (9) iteratively. The improved algorithm can be described as following (set k as iteration count):
Step 1: Calculate nodal current: the node i injection current g
where, Step 2: Calculate
, which is equivalent to break the links and do a backward sweep calculation for the radial network.
Step 3: Calculate 2 k f with (6), (7) and (8), then calculate branch current bt k I with (3).
Step 4: Calculate 
U
is small enough).
The above algorithm is also suitable for the three-phase unbalanced system and it only need to update the elements in each vector (matrix) with three-phase system parameters.
Handling of DT Branch in Power Flow Algorithm

Modeling of distribution transformer
The exact DT models of the various connections must satisfy Kirchhoff's voltage and current laws (KVL and KCL) and the ideal relationship between the voltages and currents on the two sides of the DT windings. The models must also represent any phase shift because of the particular connection. DT branch sketch is shown in Fig. 1 . The core loss of DT could be evaluated by the shunt core loss functions on each phase of the secondary terminal [12] and will not be considered in the models.
Let DT line-to-ground voltage be
, DT line currents be [ ]
. Subscript "p" and "s" indicate primary side and secondary side respectively.
There exist the following equations, p 11 pG 12 s
When solving the power flow, s U chooses sn U for ungrounded wye-connection and delta-connection and chooses sg U for wye-grounded connection. For delta-connection in secondary side, the equivalent line-to-neutral voltages is determined by, 
where,
Let t1 z be DT positive-sequence impedance and t0 z be DT zero-sequence impedance, then let
be three-sequence impedance matrix. So the three-phase DT impedance matrix is, Referring to the modeling process in [18, 26] and further considering DT impedance asymmetry and neutral point grounded impedance, the exact DT models and coefficient matrices in (11) were re-derived (derivation process is omitted). The coefficient matrices for all kind of DT connections were shown in Table 1 . 
where, T / n α β = is the off-nominal DT tap ratio ( α and β are the taps on the two sides respectively), z at neutral point.
Handling of DT branch
In Table 1 
where, I I and n U can't be directly calculated with proposed algorithm in section 2 for current and voltage transformations. So based on the network shown in Fig.3 as follows, the improvement to calculate b I and n U were analyzed and re-derived again. There are three DT branches and two loops in Fig.3 , in which V3
K can be calculated with the DT coefficient matrices.
Calculation of 1 f
Let s I be the DT branch current, and the second branch current, b2
I , in 
where, 0i K is the first entry of (17) 
To calculate l Y should calculate l Z first. In Fig.1 , the following equation is true,
where, p0 U is the power supply voltage and, referring to DT primary side, p Z can be seen as the internal resistance of the power supply.
It can be seen from (19) 
Rewriting them in matrix form, that is
The calculation of (7), the contribution of lh I in h loop to the tree branch currents can be calculated by,
And then 2 f can be obtained with (8).
Modification of the power flow algorithm
When there are DT branches in the network, the calculation process of power flow is the same as that described in section 2. But it should use the formulas proposed in this section to calculate 1 f (with (16) 
Compensation for PV Nodes
When integrating DGs into distribution systems, some DGs can be well represented as PQ nodes, which require little special treatment in the power flow algorithm. Other need be modeled as PV nodes, which inject a given active power into the system and require the necessary but unknown reactive power to sustain the voltage magnitude to a scheduled value. Thus the output reactive powers of PV nodes need to be determined and to compensate PV node voltage mismatch.
The phase injection current of any PV node i can be calculated with (subscript "d" means PV nodes),
where, dpi U is the phase voltage phasor with fixed magnitude and its phase angle is unknown, di P and di Q is the total active power and reactive power (the minus represents that PV node outputs active and reactive powers to the system).
The open loop impedance matrix (Thevenin equivalent impedance matrix) is used to deal with PV node [13] [14] 23] 
The sequence impedance matrix for any branch can be expressed as,
When the spatial distribution of three-phase transmission lines is symmetrical, all non-diagonal elements in b _012 i Z are equal to zero. When the spatial distribution is asymmetrical, non-diagonal element in b _012 i Z is not equal to zero which means that the sequence impedances are coupled. Generally speaking, the absolute values of nondiagonal elements are far less than those of the diagonal elements, so they can be ignored. Then b _012 i Z can be simplified as, 
It can be seen from (28) that the sequence impedances of each branch can be approximated as a diagonal matrix, so the positive sequence component equation can be extracted from (29) as,
The dimensions of d_1 ΔU 、 d_1 ΔI and d_1 Z are equal to the number of PV nodes, d
N . Define,
Substituting (31) ~ (33) into (30) and rewriting it, 
The reactive power increment at PV node i will be determined by,
The PV node reactive current injection d _1
where, d _1
k i
Δe can be obtained from (34). Appendix B describes the derivation of (36) and (37) in detail.
The total reactive power at PV node i is,
The initial value of output reactive power could be set to 0 or other value. And Q + violates any reactive power limit, it will be set to that limit and PV node i will be converted to PQ node during next iteration, and in addition, the row and column in d_1 X , corresponding to this node, are removed.
Iterative Process of Hybrid Power Flow Algorithm
The overall power flow algorithm should consist of two nested iteration loops for meshed power flow calculation (inner loop) and PV node voltage magnitude compensation calculation (outer loop) respectively. The inner loop calculates the meshed power flow by regarding PV nodes as PQ nodes, and the termination is controlled by the maximum node voltage mismatch between the results of two successive iterations. The outer loop calculate the reactive power increments at PV nodes with (36) and then reenter the inner loop until the maximum voltage mismatch ate each PV node is small enough.
However, the experience shows that the current injection increments generated by the reactive power increments from PV nodes have little impact on the power flow of the whole system at each iteration. So the outer loop can be cancelled for the output reactive powers at PV nodes can be updated at each iteration during the inner loop. A simple flow chart of overall power flow algorithm is shown in Fig.4 . During each iteration, the meshed power flow is calculated first, then the reactive power increments are calculated, and the next iteration starts. Hence, the higher calculation efficiency can be obtained. 
Test 1: IEEE 4 node test feeder
IEEE four-node test feeder [25] was used to validate the proposed algorithm and DT models. The test results of the algorithm match very well with those listed in [25] for both balanced and unbalanced loads with different DT connections (the convergence accuracy is 10-6 p.u.). The number of iterations is six for all cases. The feasibility of the proposed method and the correctness of DT models have been proved.
Test 2: modified IEEE 34 node test feeder
Another test feeder is IEEE 34 test feeder [25] but all the regulators are excluded from the standard data. The test feeder was characterized for its very long lines and light loads. The system maximum load is 1165 kW and 665 kvar with unbalanced distribution. Because of the length of the feeder and the unbalanced loads, it might have a convergence problem.
The feeder has one Δ-Yn DT, T1, at substation and another one, T2, on the lateral near node 13. For testing purposes, four loops were added and two more DTs, T3 and T4, were introduced. The one-line diagram of the modified 34 feeder is shown in Fig. 5 . Similar to T2, both T3 and T4 reduce the voltage from 24.9 to 4.16 kV. There's a fixed capacity parallel capacitor group at node 31 and the reactive compensation capacity is 300 kvar.
Let T2~T4 have the same winding connections. The converged iterations with the proposed power flow method for different connections are summarized in Table 2 (convergence accuracy is 10 -6 p.u., voltage）. Radial Distribution Analysis Package (RDAP) [26] was further used to verify the correctness of the proposed method. The results calculate with the proposed method are found to be in consistency with the RDAP's results for all the connections shown in Table 2 .
In order to further examine the algorithm's robustness and accuracy, the method in [6] and the Newton-Raphson method in [3] are used to compare with the proposed methods with Y n -Y n connection of T2~4. The results from three methods are basically consistent and the maximum relative error is below 1%. In Table 2 , the underlined numbers (first row for Y n -Y n ) are the converged iterations with the method in [6] , and the italic and underlined numbers (second row for Y n -Y n ) in Table 2 are the converged iterations with the Newton-Raphson (N-R) method in [3] . The N-R method has better convergence (fewest iterations), but it has much longer calculation time.
Moreover, as shown in Table 2 , the proposed method has less iteration number with more loops for meshed network. So compared with those two methods in [6] and [3] , the proposed method has the fastest calculation speed and efficiency.
When T2~4 with Yn-Δ, Δ-Δ and Δ-Y n connections, the proposed algorithm has less iterations. The possible reason may be that the voltage unbalance degrees for Y n -Y n connection are much larger than those for later three cases. Fig. 6 shows the A-phase converged voltage profiles for no closed loop, closed loop 1~2 and closed loop1~4 respectively for Y n -Δ connection of T2~T4. It can be seen from Fig. 6 that the closed loops can make better power flows and improve node voltage level although the output active and reactive powers keep the same. The results also indicate that the more closed loops, the better the voltage level.
Test 3: modified IEEE 34 node test feeder with PV nodes
Even with the light loads, the voltages at some nodes are low and do not meet the standards for the larger voltage drops in the long transmission lines. So, three DGs with PV node type are added at node 26, 16 and 32 respectively (see Fig. 5 ). Their rated active powers are 150kW, 100kW and 100kW in turn. The lower and upper limits of each DG output reactive power are set to zero and the value of the Table 3 .
Comparing the results in Table 2 and Table 3 , it can be seen that the iteration numbers changed little with PV nodes, so the good convergence of the proposed algorithm is further verified. The A-phase converged voltage profiles for Y n -Δ connection of T2~T4 with different loops and PV nodes are shown in Fig. 7 . It can be seen that the voltages have been improved with closed loops and (or) PV nodes. Similarly, the more closed loops and (or) PV nodes, the better the improvement of the voltage level.
Some PV nodes will be converted to PQ node if they violate the reactive power limits. Generally speaking, the voltage can be further improved by increasing the output reactive power. In order to further analyze the effect on the voltage level from the output reactive power of PV node, three cases were discussed for Y n -Δ connection of T2~T4, Case1: no closed loop but including PV1~3; Case2: closed loop 1~2 and PV1~2; Case3: closed loop 1~4 and PV1;
The Fig. 8 is the A-phase voltage profiles for Y n -Δ connection of T2~T4 for limited and unlimited output reactive power at each PV node for three cases. And the Table 4 . In three cases, the voltage level with the unlimited output reactive power is better than that with limited output reactive power The voltage improvement in case 3 is more obvious (see Fig.8(c) ), but the iteration number increases. From Table 4 for case 3, when the output reactive power has a limit, the positive sequence voltage at the PV node (PV1) is very low, 0.969 23 p.u.. When the output reactive power has no limit, it is up to 0.994 42 p.u.. However, this has been achieved with the cost of more reactive power (the reactive power has doubled from 150kvar to 302.3kvar in Case 3), and there will be much difficult in the actual system due to the high investments.
Conclusion
This paper presents a three-phase hybrid power flow solution for meshed distribution systems with DT branches and PV nodes. The main works include, An improved three-phase power flow solution for meshed distribution system was presented based on node-branch incidence matrix. The method has clear theory basis and good efficiency.
The detailed DT models for all different connections were re-developed by considering the DT impedance asymmetry and neutral point grounded impedance. The equivalent model of DT branch was established and can be dealt with as an ordinary transmission line with the proposed power flow method.
Based on the assumption that the positive-sequence voltage magnitudes of PV nodes are invariable, an approach was developed to calculate reactive power increments of PV nodes. It can be easily integrated into the propose power flow method.
Compared with the typical methods by using the IEEE4 and the modified IEEE34 test feeders, the validity and efficiency of the proposed algorithm have been proved.
Appendix A
In (16), I
I3 I3 Δc .
